We propose an innovative test of Lorentz symmetry by observing pairs of simultaneous parallel extensive air showers produced by the fragments of ultrahigh-energy cosmic ray nuclei which disintegrated in collisions with solar photons. We show that the search for a cross-correlation of showers in arrival time and direction becomes background free for an angular scale 3
Ever since Greisen, Zatsepin, and Kuzmin (GZK) pointed out that the pervasive radiation fields make the universe opaque to the propagation of ultrahigh-energy (E 10 9 GeV) cosmic rays (UHECRs) [1, 2] , it became evident that the actual observation of the GZK effect would provide strong constraints on Lorentz invariant breaking effects. This is because if Lorentz invariance is broken in the form of non-standard dispersion relations for various particles, then absorption and energy loss processes for UHECR interactions would be modified; see e.g. [3] [4] [5] [6] [7] [8] [9] [10] [11] . In particular, the GZK interactions (photopion production and nucleus photo-disintegration) are characterized by well defined energy thresholds (near the excitation of the ∆ + (1232) and the giant dipole resonance, respectively), which can be predicted on the basis of Lorentz invariance. Therefore, the experimental confirmation that UHECR processes occur at the expected energy thresholds can be considered as an indirect piece of evidence supporting Lorentz symmetry under colossal boost transformations.
A suppression in the UHECR flux at E 10 10.6 GeV has been established beyond no doubt by the HiRes [12], Auger [13] , and Telescope Array (TA) [14] experiments. By now (in Auger data) the suppression has reached a statistical significance of more than 20σ [15] . This suppression is consistent with the GZK prediction that interactions with universal photon fields will rapidly degrade the energy of UHECRs. Intriguingly, however, there are also indications that the source of the suppression may be more complex than originally anticipated.
Observations of the rate of change with energy of the mean depth-of-shower-maximum X max seem to indicate that the cosmic ray composition becomes lighter as energy increases toward E ∼ 10 9.3 GeV from below [16] , fueling a widespread supposition that extragalactic cosmic rays are primarily protons. However, Auger highquality, high-statistics data, when interpreted with the leading LHC-tuned shower models, exhibit a strong likelihood for a composition that becomes gradually heavier with increasing energy; namely, 1.5 ln A 3, for 10 9.5 E 10 10.6 [17] [18] [19] [20] . Within uncertainties, the data from TA are consistent with these findings [21, 22] .
For E 10 10.6 GeV, the indication of an anisotropy at an intermediate angular scale of 13 • (significant at the 4.0σ level [23] ) [24] points to a similar nuclear composition. Note that for E/Z = 10 10 GeV, typical deflections of UHECRs crossing the Galaxy are about 10
• , where Ze is the nucleus charge [25] .
For a uniform source distribution, the simultaneous fit to the UHECR spectrum and composition (X max and its fluctuations) imposes severe constraints on model parameters: (i) hard source spectra and (ii) a maximum acceleration energy E max 10 9.7 Z GeV [26] [27] [28] . Hence, under the assumption of a uniform source distribution, the data seem to favor the so-called "disappointing model" [29] wherein it is postulated that the "end-of steam" for cosmic accelerators is coincidentally near the putative GZK cutoff, with the exact energy cutoff determined by data. This interpretation encompasses a radically different viewpoint in which the maximum energy of the most powerful cosmic ray accelerators would be observed for the first time, and therefore could call into question limits on the violation of Lorentz invariance deduced using the observed suppression in the UHECR spectrum [30] [31] [32] .
Very recently, one of us put forward a multidimensional reconstruction of the individual emission spectra (in energy, arrival direction, and nuclear composition) to study the hypothesis that primaries are heavy nuclei subject to GZK photo-disintegration, and to determine the nature of the extragalactic sources [33] . In this paper we introduce an alternative approach to probe Lorentz invariance using UHECRs. We propose to search for a cross-correlation in arrival time and direction of the secondary nucleon (of energy E/A) produced via photo-disintegration of an UHECR nucleus (of energy E and baryon number A) and the associated surviving fragment (of baryon number A − 1). Such a correlation study is possible because: (i) the Lorentz factor (which is equivalent to energy per nucleon) is conserved for photodisintegration and (ii) the trajectory of cosmic rays within a magnetic field is only rigidity-dependent; the relevant quantity for the separation among fragments (hereafter identified with subindices 1 and 2) is
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A simple dimensional argument constrains the distance to the photo-disintegration site. Assuming the energy difference between nucleons inside the nucleus is given by the binding energy E 0 ∼ MeV, the difference in velocity of the secondary products is
where M A GeV is the mass of the parent nucleus. The difference in the time of flight of the secondary products is then
where L is the distance to the photo-disintegration site and γ (= E/M at Earth) contracts this length. For a simultaneous observation of the two secondaries at Earth, we demand δL 2 R ⊕ (∼ 10 9 cm), which yields
For the particular range 10 9 γ 10 10 , which spans the UHECR spectrum, (3) constrains the photodisintegration site to a distance kpc. It has long been known that UHECR nuclei scattering off the universal radiation fields have a mean free path kpc [34] . Moreover, we know the devil is in the detail and so the number of GZK interactions which would lead to a simultaneous observation of their secondary products on Earth is essentially negligible.
Of particular interest here, UHECR nuclei en route to Earth also interact with the solar radiation field and photo-disintegrate [35, 36] . The nuclear photodisintegration process has two characteristic regimes. There is the domain of the giant dipole resonance (GDR), where a collective nuclear mode is excited with the subsequent emission of one (or possible two nucleons), and the high energy plateau, where the excited nucleus decays dominantly by two nucleon and multi-nucleon emission. The energy range of the GDR in the nucleus rest frame spans 10 ε /MeV 30, and the plateau extends up to the photo-pion production threshold (i.e., photon energy ε ∼ 150 MeV).
The background radiation field can be described by a Planckian spectrum, with a temperature of the solar surface T s 0.5 eV, normalized to reproduce the solar luminosity, L = 4πr 2 c dε ε dn/dε, yielding
where r is the spherical radial coordinate centered at the Sun. In the rest frame of the nucleus, the energy ε of the solar photons (in the rest frame of the Sun) is highly blue-shifted to
where β = 1 − 1/γ 2 ∼ 1 and c α/2 = cos(α( )/2), and where α( ) is the angle between the momenta of photon and nucleus in the Sun's reference frame, with the coordinate along the path of the nucleus; i.e., cos α =ˆ ·r. The GDR cross section in the narrow width approximation is
where Γ and σ 0 are the GDR width and cross section at maximum; the factor of 1/2 is introduced to match the integral (i.e. total cross section) of the Breit-Wigner and the delta function [37] . Fitted numerical formulas are σ 0 = 1.45A mb, Γ = 8 MeV, and ε 0 = 42.65A −0.21 MeV for A > 4 and ε 0 = 0.925A 2.433 MeV for A ≤ 4 [38] . In the high energy regime the cross section is well approximated by σ(ε) ≈ A/8 mb.
All in all, the probability that a nucleus photodisintegrates on the solar radiation along its path towards the Earth is found to be
where
is the inverse photo-disintegration mean-free-path [39] . Integration of (7) η A 10 −5 for helium and oxygen. These values of η A are in agreement with the estimates in [39] [40] [41] .
Since the secondary fragments have slightly different rigidities the deflection in the interplanetary magnetic field will result in two separate extensive air showers, arriving essentially at the same time and from the same direction in the sky [39, 40] . More specifically, the average separation of the shower on Earth can be parametrized by [41] 
where E is the energy of the parent nucleus. The average separation of showers as estimated in [40] is somewhat smaller. For a given experiment, each nuclear species has a critical energy above which δL A would be comparable to the size of the instrumented area. As benchmark we consider a 3, 000 km 2 array of detectors, with interspacing of about 1.5 km. For 4 He, (9) yields δL He ∼ 50 km at E ∼ 10 9.3 GeV. However, for 56 Fe, at the same energy (9) leads to δL Fe ∼ 260 km, and so the separation distance between the showers would be out of detection range.
Because the intensity of cosmic rays is steeply falling with energy, contributions from the counting rate at the critical energy dominate the integrated event rate. Existing estimates of the event rate at UHECR facilities [39] [40] [41] [42] are subject to large uncertainties, mainly because η A and δL A depend strongly on A and the nuclear composition of UHECRs is poorly known.
Herein, we assume a nuclear composition dominated by helium at E 10 9.3 GeV that becomes gradually heavier with increasing energy; see e.g. Fig. 4 of [27] . We further assume that the photo-disintegration probability of helium on the solar photons is η He ∼ 10 −5.5 . These two assumptions together lead to an expected integrated flux of
where E denotes the energy of the parent nucleus. This flux is in agreement with the one shown in Fig. 3 of [40] . Moreover, as exhibited in Fig. 2 of [40] , for η He ∼ 10
and E 10 9 GeV, we have 20 δL He /km 50. The flux derived herein, using a helium saturated spectrum above 10 9.3 GeV, is larger than the intensity derived in [41] using the spectrum of [43] . Whichever flux calculation one may find more convincing, it seems most conservative at this point to depend on experiment (if possible) to resolve the issue.
The 3, 000 km 2 surface detector array of the Pierre Auger Observatory is fully efficient at E 10 9.5 GeV [44] . From January 2004 until December 2016 this facility has accumulated an exposure [24] E(E > 10 9.5 GeV) = 6.7 × 10 4 km 2 sr yr .
At lower energies, the trigger efficiency of the surface detector array decreases smoothly and becomes roughly 30% at 10 8.7 GeV [44] . To get a rough estimate of the exposure available to probe spatiotemporal correlations of air showers in an experiment like Auger we scale down E(E > 10 9.5 GeV) by a factor of 0.3. This leads to E(10 8.7 < E/GeV < 10 9.3 ) 2 × 10 4 km 2 sr yr .
For 4 He, ∆E = E 2 − E 1 ∼ 3γ GeV. For E > 10 9.3 GeV, (10) and (12) lead to an expected integrated rate which is consistent with 1 event.
It is clear that for a signal O(1) event we must learn how to properly conduct background rejection to ascertain whether the observation of a few events is due to physics or statistics. Moreover, to calculate a meaningful statistical significance in the shower cross-correlation analysis, it is important to define the search procedure a priori in order to ensure it is not inadvertently devised especially to suit the particular data set after having studied it. With the aim of avoiding accidental bias on the number of trials performed in selecting the cuts, we now conduct a phenomenological analysis of the potential background to define the angular and temporal cuts.
We start by selecting a reference direction on the sky d 0 . We define θ as the angle between d 0 and other direction on the sky d. We define φ as the angular distance between a reference axis, placed on the normal plane to the vector pointing in the direction d 0 , and the projection on that plane of a vector pointing towards d. With this construction, θ ∈ [0, π] and φ ∈ [0, 2π].
The expected fraction of events that will be contained in a cap of the sphere of within an angle α to the direction d 0 , for all φ, and in a time interval t is
where T is the time span for the experiment. In a sample of N events, we expect µ(α, t) = N f (α, t) events in the angle-time window defined above. The actual number of events in that window will be distributed following a Poisson distribution of mean µ(α, t). The probability of observing k events in an angle-time window is then
In Fig. 1 we show the function log 10 p 2 (α, t), for
• ] and t ∈ [0 s, 10 s], which gives the probability of measuring 2 events in an angle-time window specified by the pair (α, t). Since
in our (α, t) range of interest, p 2 (α, t) practically accounts for the probability of having not only two, but any amount of events above one. The quantity p 2 (α, t) is then the p-value for observing a coincidence of two detections in a background only hypothesis. To quantify this in a more comprehensible way, one can use the usual relation between p-values and σ levels following a normal distribution
being z the number of standard deviations from the mean. The relation between p and z is shown in Fig. 2 . One can check by inspection that for the whole range of α and t, the p-value for observing two or more events together in a small angle-time window is a more than 5-sigma effect against the background. Hence, the actual observation of a few pairs of cross-correlated events would become the smoking gun to set model independent constraints on Lorentz invariance violation. Strictly speaking, a nucleus with baryon number A and charge Ze would have a non-standard dispersion relation of the form
where E A,Z is the nucleus energy, p A,Z is the absolute value of its 3-momentum, and M A,Z its mass. Here, M Pl ≈ 10 19 GeV is the Planck mass and ζ A,Z are Lorentzviolating parameters of the nucleus. In the rest frame of the Sun we assume that only baryons have nonstandard dispersion relations (note that the solar photon fields have too low energy for Lorentz invariant breaking effects to be relevant in their dispersion relations) and so one can easily obtain a threshold relation, which constrains the ζ A,Z coefficients when confronted with data. Actually, since we expect nuclear physics to have negligible Lorentz breaking effects we can write ζ A,Z = ζ/A 2 , where ζ regulates deviations from Lorentz symmetry of the nucleon. The baryon number A of the original disintegrated nucleus can simply be determined by estimating the energies of the primaries of the two air showers, A = 1 + E 2 /E 1 , where E 1 is the energy of the less energetic shower. With the < 20% energy resolution achieved by the Pierre Auger Observatory [46] , the estimation of A is obtained with a reso- 
, which is around 20% for a Helium primary, or σ(A = 4) ∼ 0.85, allowing its differentiation from other primaries with A around 4. This provides an univocal (model independent) determination of the nuclear composition and thereupon bounds the threshold energy interval to be compatible with experimental results on photo-nuclear interactions [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] .
For 4 He, the photo-excitation cross section of the GDR has a threshold ε th ≈ 20 MeV [57] . The GDR decays by the statistical emission of a single nucleon, leaving an excited daughter nucleus (A − 1)
* . The probability for emission of two (or more) nucleons is smaller by an order of magnitude. The excited daughter nuclei typically de-excite by emitting one or more photons of energies 1 /MeV 5, in the nuclear rest frame [37] . For simplicity, herein we neglect the de-excitation process and consider the photo-disintegration reaction with two incoming particles (nucleus + photon) and two outgoing particles (nucleus + nucleon). Though we are primarily interested in helium photo-disintegration, the ensuing discussion will be framed in a general context. The energy-momentum 4-vectors for the four particles in the rest frame of the Sun are: (E, p) , for the incoming nucleus; (ε, k), for the photon; (E 1 , p 1 ), for the nucleon; and (E 2 , p 2 ), for the outgoing nucleus. The relation describing the conservation of energy and momentum is given by
We are interested in studying the energy thresholds for which the relation (18) holds. According to the threshold theorem, at an upper or lower threshold the incoming particle momenta are always anti-parallel and the final particle momenta are parallel [58] . This applies for dispersion relations E(p) depending on p ≡ |p|, and being a monotonically increasing function of that variable, when energy and momentum are conserved additive quantities. Then, to obtain the threshold conditions, one can make use of p · k = −p k and p 1 · p 2 = p 1 p 2 . Since we neglect Lorentz invariant breaking effects on the solar photon fields we take ε = k. In threshold conditions the reaction is collinear and so p − k = p 1 + p 2 . Since k is much smaller than the other momenta, we have p ≈ p 1 + p 2 . Following [10] , we define p 2 = κp and p 1 = (1 − κ)p, with 0 < κ < 1. Now, neglecting the mass difference between the proton and the neutron (M A,Z = A m p , where m p is the proton mass), the energy conservation relation is found to be
Note that for M A,Z p A,Z ≡ p M Pl , ξ A (κ) 1. Expanding the square roots to first order in the ξ functions,
Since all the ξ-functions are of the same order and ε p, the term εξ A (1)/p is negligible in comparison to the rest of the terms, and so (21) becomes
After some algebra, (22) can be rewritten as
We next consider the threshold configuration for a photon with energy ε th ≈ 20 MeV. In the rest frame of the Sun, the photon energy is ε th and the UHECR is boosted with speed β in the direction of Earth. For a head on collision, k points in the opposite direction and so the photon energy in the nucleus rest frame is ε = γ(ε + βk) = γε(1 + β). The threshold energy in the rest frame of the Sun is then
Since p = βE, we can write
We take E ≈ 10 9.3 GeV and so γ ∼ 10 9 . With this in mind, we adopt the following expansion
and set β ≈ 1 elsewhere. Substituting (27) into (26) we obtain an expression for the sensitivity of ζ as a function of κ,
where we have used E = γAm p . As an illustration, in Fig. 3 we show the sensitivity for probing ζ as a function of κ, assuming observation of a few spatiotemporal coincident showers near the critical energy. Despite the assumption of Lorentz invariance violation, we want to preserve the time-like character of physical trajectories. For a particle with four momentum p µ , this means that p µ p µ > 0 in a (+, −, −, −) metric signature. Using (17) this condition creates a lower bound ζ > ζ null , with
assuming β ≈ 1. The time-like condition is automatically satisfied for positive ζ. In Fig. 3 we show the limiting value ζ null and the (shaded) prohibited region. We conclude that with a detection of a few spatiotemporal coincident showers we will be able to constrain ζ at the level of ζ ∼ 5 × 10 −20
for n = 0, and ζ ∼ 10 −9 for n = 1. Since g(κ) ≤ 0 for n = 0, 1, using (28) and (29) we can rewrite the time-like condition as
Using (30) we study the dependence on A and ε th of the limiting values κ min and κ max , such that the time-like condition is satisfied for all κ ∈ [κ min , κ max ]. Note that near the limits of the interval [κ min , κ max ], dζ/dκ is large compared to ε th /m p , for 10 ε th /MeV 20 [57] . Thus, the intervals of κ which satisfy (30) barely depend on ε th , which can be assumed to be zero. For a fixed n, the κ limits only depend on A. The values of κ min and κ max for n = 0 are shown in Fig. 4 . For n = 1, the values are within a distance of ∼ 10 −2 of those for n = 0. As can be seen, the values are considerably close to 0 and 1, with intersections at [0.04, 0.96] for A = 4.
In summary, we have shown that if the photodisintegration probability of UHECR nuclei on the solar radiation field is O(10 −5.5 ), then the unambiguous observation of the extensive air showers that would be produced almost simultaneously by the secondary fragments is within reach of UHECR experiments. This is because our analysis of spatiotemporal correlations indicates that for angular scales 3
• and a time window of O(10 s) the signal is background free. Detection of a few events will be enough to constrain Lorentz invariant breaking effects in the range 10 9 γ 10 10 . Such a detection will also provide valuable information on the UHECR nuclear composition, which is independent of the hadronic interaction models used to describe the development of air showers, and therefore such information develops complementary to studies of the X max distribution and its fluctuations. 
